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ABSTRACT

In addressing the key role that problem solving has been playing in mathematics instruction for K-
12, this paper aims to assist mathematics teachers and educators to consider a set of guiding
principles for designing problem solving tasks for classroom instructions. The set of guiding principles
was synthesized and proposed through the researchers’ systematic review of existing education
literature on problem solving.
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For the last few decades, problem solving has been the central focus of many mathematics
curricula globally. In the United States, for example, problem solving has been
recommended by the National Council of Teachers of Mathematics (NCTM) as a central
focus in the mathematics curriculum since the 1980s [1]. In the United Kingdom, the
national curriculum for mathematics introduced in 2014 aims to ensure that all students
“can solve problems by applying their mathematics to a variety of routine and non-routine
problems with increasing sophistication, including breaking down problems into a series
of simpler steps and persevering in seeking solutions” [2, p.4]. In Australia, leading
mathematics education groups put out a joint statement pushing for students to learn more
problem-solving skills stating that “we must ensure that there is an ongoing commitment
from all stakeholders to deliver effective professional development that gives our teachers
the skills to teach not just the content but the skills and competencies necessary” [3].

However, the enactment of problem solving in mathematics classrooms has generally
not been widespread in the mathematics classrooms. According to Wilkerson, “[teachers
and educators] still have been challenged to fully embrace problem solving at times, often
finding a continued focus on learning procedures, a lowering of expectations for some
students, and limited access to instructional resources to support problem solving” [4]. A
recent report by Ofsted highlighted that problem-solving in classrooms are being hindered
by the fact that “pupils need to be fluent with the relevant facts and methods before being
expected to learn how to apply them to problem-solving conditions” [5, p. 17].

In Singapore, teachers are also facing difficulties in enacting problem solving. The
Singapore education system is largely centralized with most schools following the
common curriculum proposed by the Singapore Ministry of Education (MOE). The
majority of secondary school students in Singapore attend government schools under the
GCE O-Level Programme, where Mathematics is a compulsory subject and taught in
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accordance with the core curriculum [6]. Developing students” ability in problem solving
have been part of the mathematics learning objectives since the 1970s [7]. In the 1990s,
mathematical problem solving was made a central part of Singapore’s secondary school
mathematics curriculum [8]. Despite various revisions to the curriculum over the decades,
mathematical problem solving still remains at the centre of mathematics curriculum
framework up to the latest 2020 secondary school syllabus seen in Figure 1 [9] below.

Mathematics Curriculum Framework

Belief, appreciation,
confidence, motivation,
interest and perseverance

Awareness, monitoring and
regulation of thought processes

Proficiency in carrying out
operations and algorithms,
visualising space, handling
data and using
mathematical tools

Competencies in abstracting
and reasoning, representing
and communicating,
applying and modelling

Concepts

Understanding of the properties and
relationships, operations and
algorithms

Figure 1. Singapore mathematics curriculum framework.

The Singapore MOE syllabus also defines problems to include “complex and nonroutine
tasks that requires deeper insights, logical reasoning and creative thinking” [9, p. 9].
General problem solving strategies, commonly known as heuristics, were proposed as
plausible approaches to tackling a problem. Polya’s four-step problem solving model was
recommended in the curriculum document for students to handle non-routine problems.
Despite the long history of mathematical problem solving in the Singapore mathematics
curriculum, up to the last decade teachers still struggle with the dichotomy between
developing fluent basic skills and problem solving ability in the classroom [10]. The
research projects Mathematical Problem Solving for Everyone (MProSE) and MProSE:
Infusion and Diffusion (MInD) were introduced by a group of researchers from the
Singapore National Institute of Education to infuse mathematical problem solving into the
mathematics classrooms of secondary schools [11]. The researchers curated a mathematical
problem solving module based on the work of Polya and Schoenfeld. Classroom teachers
can use the module when teaching about problem solving [12]. However, the project faced
several challenges when attempting to make problem solving a regular feature in
mathematics classrooms:

i) Singapore secondary mathematics teachers often make effort to modify challenging
tasks so that students can engage with them cognitively and affectively [13]. The
problems in the MProSE modules were adapted by teachers to suit the local conditions
of each school. However, as teachers who participated in the research projects did not
design the original problems, they lacked insight into the mathematical and theoretical
considerations which underlie the choice of the problems. “In their attempts at the
local level to chop, add, replace, and re-order, teachers may disrupt the balance among
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the various components and distort the intended problem solving developmental
trajectory embedded in the MProSE lessons.” [14, p.110].

ii) “Another challenge to teaching problem solving is the lock-step grid of fixed teaching
schedules.” [15, p. 319] Teachers in Singapore are expected to cover the syllabus
content in a timely manner and help their students exceed in examinations [16]. Hence,
allocating additional curriculum time to problem solving could be unrealistic for most
teachers. When modifications were made to move the MProSE module from outside-
curriculum to within-curriculum, “[the] teachers were very conscious of class time
taking up problem solving” [15, p. 318]. The time consumption of the problems
contributed to the resistance towards the infusion of problem solving in classrooms.
In this paper we propose a set of guiding principles that can be used by educators

when designing problem solving tasks to be enacted in a mathematics classroom. The

design principles are for teachers to take into consideration when creating or modifying a

problem solving task to ensure that the affordances of the task are not lost in the process.

Furthermore, the design principles focus on teaching for/through problem solving instead

of teaching about problem solving to address the issue of the perceived lack of curriculum

time for problem solving.

MATERIAL AND METHODS

This section outlines the methodology employed in this research to derive a set of guiding
principles for designing mathematical problem-solving tasks through an extensive
literature review. The methodology comprises the following key stages: (1) literature
selection and review, and (2) synthesis of guiding principles.

The initial phase of this research involved a systematic literature search to identify
pertinent studies, articles, and documents relevant to the research topic. Databases such as
ERIC, Scopus, Google Scholar, and relevant academic journals were utilized to conduct the
search with keywords and phrases aligned with the scope of the research. Inclusion criteria
for the literature encompassed peer-reviewed articles, books, reports, and established
frameworks that presented concepts, models, or strategies related to the subject area. To
ensure a comprehensive understanding of the topic, we took into consideration both
seminal and contemporary works.

The guiding principles proposed in this research were derived through an iterative
process of synthesizing the concepts, ideas, and methodologies presented in the selected
literature. The literature was critically analyzed to identify recurring themes, patterns, and
core recommendations that could serve as the foundation for the guiding principles. To
facilitate the synthesis, a thematic analysis approach was employed. The selected literature
was organized into categories based on thematic similarities. Within each category,
commonalities and variations were identified, and potential guiding principles were
formulated accordingly. The emerging set of principles was then cross-referenced with the
literature to validate their alignment and representation of the reviewed material.
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RESULTS AND DISCUSSION
Mathematical Tasks Framework

A mathematical task is a set of instructions given to students to initiate mathematical
activity, which is the engagement students have with a mathematical idea [17]. Teachers
need to consider the mathematical activities afforded by the tasks during the design and
implementation of the tasks in class.

In this study, we studied Stein et al’s Mathematical Tasks Framework used to
investigate the relationship between teacher instruction and student learning. The key
stages through which teachers’ treatment of mathematical tasks can impact student
learning include (1) setting up of the task by teacher; (2) implementation of the task by
students.

The first stage is the setting up of the mathematical task, which refers to how the task
as represented in instructional materials is being presented by the teacher to the class.
Factors such as the teacher’s goals, content knowledge, and knowledge of students could
impact this stage. The focus of the investigation by Stein et al. was on the link between the
setting up of a mathematical task and its implementation, which refers to the mathematical
activity carried out by the students. The link between mathematical tasks and the
corresponding mathematical activity were examined in terms of task features and
cognitive demands.

Stein et al. defines task features as the “aspects of tasks that mathematics educators
have identified as important considerations for the engagement of student thinking,
reasoning, and sense-making” (e.g. the existence of multiple-solution strategies, the extent
to which the task lends itself to multiple representations, and the extent to which the task
demands explanations and/ or justifications from the students), while cognitive demands
refer to “the kind of thinking processes entailed in solving the task” (e.g. memorization,
the use of procedures and algorithm, and the employment of complex thinking and
reasoning strategies). The factors that affected implementation were proposed to be
classroom norms, task conditions, teacher instructional habits and dispositions, and
student learning habits and dispositions. Further., the factors associated with the decline
and maintenance of high-level cognitive demands from the set-up phase to the
implementation phase are (1) challenge becomes nonproblem, (2) inappropriateness of
task for students, (3) focus shifts from the processes to correct answer, (4) inappropriate
amount of time, (5) lack of accountability, (6) classroom management problems, among
other problems.

Problem Solving

A problem is a task that is non-routine for which the solution is not immediately
forthcoming [19]. Further, an individual or group must be motivated to find a solution and
attempts to do so for the task to be considered a problem [20]. Schoenfeld believes that
“the primary responsibility of mathematics faculty is to teach their students to think: to
question and probe, to get to the mathematical heart of the matter, to be able to employ
ideas rather than to regurgitate them” [21, p. 2] and recommends that problem solving
lessons be integrated in standard mathematics curriculum in order to achieve that goal.
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Polya’s well-known problem-solving model consists of four steps: (1) understanding
the problem, (2) devising a plan, (3) carrying out the plan, and (4) looking back [19].
Schoenfeld, building on Polya’s four-step problem solving model, proposes that there are
four aspects of mathematical thinking that can contribute to problem solving behaviour:
resources, heuristics, control, and belief systems [22].

Teaching about, for, and through Problem Solving
Problem solving can be enacted in a mathematics classroom in various ways. Schroeder
and Lester introduced three approaches to problem-solving instruction: teaching about,
for, and through problem solving [23]. These conceptions still remain useful as
descriptions of enactments of mathematical problem solving in classrooms [15].

Teaching about problem solving uses problems to teach students problem solving
skills (e.g., Polya’s four-step model, heuristics, problem solving disposition) that they can
use to solve problems. An example of a collection of resources in this area can be found in
the book Making Mathematics Practical [12]. Most secondary school mathematics
classrooms currently adopt the instructional approach of teaching for problem solving. In
teaching for problem solving, students are taught certain mathematical knowledge before
they are posed problems which solution requires the mathematical knowledge taught [24].
On the other hand, teaching through problem solving is used to describe instructions in
which teachers engage their students in problem solving processes with the acquisition of
mathematical content knowledge as the end goal [25].

The distinctions between teaching about, for, and through problem solving is
important if teachers are to make use of problem-solving tasks in the classroom as it
impacts which stage the problem-solving task should be introduced during a lesson [23].

Concepts and Skills

The use of appropriate mathematical concepts and skills is one of the key elements that
distinguishes teaching for/through problem solving from teaching about problem solving.
Mathematical concepts and skills make up two sides of the Singapore mathematical
curriculum framework as seen in Figure 1 [9] above. The teacher should first determine
the learning objectives associated with a given task, which can be based on the syllabus
content [26]. The mathematical concepts and skills that are needed to solve the designed
problem and its possible extensions should align with the mathematical ideas in the
learning objectives. Although the designed problem might lend itself to the examination
of mathematical ideas outside of scope of the learning objectives, it is crucial that the
problem is at least mathematically rich enough for the learning objectives to be fulfilled.

Instructional Objectives

Once the learning objectives have been identified, the teacher needs to determine the
instructional objectives. “Learning objectives (learning outcomes) are targets for student
learning, while instructional objectives (specific instructional objectives, or SIOs) are the
purposes of teacher teaching.” [27, p. 247]. Instructional objectives must be observable
and/or measurable [28]. They can be described using action verbs found in Bloom’s
revised taxonomy [29] which covers the cognitive, affective, and psychomotor domains
[30]. At this stage, teachers decide their instructional approach, that is, teaching for or
through problem solving. This will likely impact the setting of instructional objectives.

The instructional objectives when teaching for problem solving would be for students
to apply the mathematical content and skills in the learning objectives in solving the
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problem. However, the instructional objective when teaching through problem solving
would be for students to explore mathematical content and skills in the learning objectives
in the process of solving the problem. Furthermore, the instructional objectives can include
mathematical processes as seen in Figure 1 [9] above. It noteworthy that the same problem
could be used for either teaching for/through problem solving, with the difference being
the instructional approach.
Learners’ Schema

The schema is the basic unit necessary for mental organization and mental functioning
[31]. It is a set of knowledge about a concept, that can be applied to any instance of that
concept [32]. Accommodation modifies an existing schema to understand new information
that cannot be understood using the existing schemata (plural of schema). When new
encounters disrupt the balance between them and their environment, accommodation
restores the equilibrium. The designed problem should create a state of disequilibrium in
the students, thus motivating them to activate prior schemata and undergo
accommodation [33].

It is therefore important to consider the schema students require to solve the problem
as well as extensions of the problem. Teaching for problem solving would require students
to understand the mathematical ideas needed to solve the problem before attempting it.
On the other hand, problems designed for teaching through problem solving should allow
students to learn new mathematical ideas through solving the problem and/or its
extensions. The designed problem should make use of students’ prior knowledge and the
process of problem solving should allow students to proceed through their “zone of
proximal development” [34] and lead them to new mathematical ideas.

Teachers scaffold “students’ ideas so as allow them to extend and move forward as
well as initiating, focusing and highlighting new mathematical ideas and thinking, and
important mathematical practices” [35, p. 137]. Furthermore, Hill et al. claimed that
teachers require a firm grasp of subject knowledge to develop students” mathematical
understanding [36]. Hence, teacher should try solving the problem and its extensions using
multiple methods to uncover the mathematical richness of the problem [21]. This allows
the teacher to be sufficiently prepared to investigate the relevant mathematical ideas with
the class and guide them towards the intended learning objectives if necessary.

Gathering Information and Providing Feedback: Assessment
Assessments gather information and provide feedback to support student learning and
improve teaching practice [37]. Brookhart and McMillan revises the definition of classroom
assessments to include that “[they] may be designed by the teacher or may be externally
designed and selected by the teacher ... However, they must be locally controlled
by the teacher who sets the purpose, and not an external agent, as is the case for
interim/bench-mark assessments.” [38, p. 4-5]. The use of rubric is a common method to
conduct classroom assessment is through the use of rubrics. Rubrics inform students about
the learning objectives and provide teachers with clear guidelines to make the grading
process less subjective [39]. Toh et al. designed a practical worksheet and an accompanying
assessment rubric for the MProSE project which focused on teaching about problem
solving [12]. The use of a rubric allows the most valued processes to be assessed in addition
to the correctness of the solution of the task. For example, the practical worksheet designed
to encourage students to use Polya’s four-step model and can be used when teaching
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for/through problem solving by Toh et al. assesses both the processes and product of
problem solving, in view of the fact that the processes of problem solving are equally
valuable as the final product.

Problem Openness and Complexity

The openness of mathematics tasks can be characterised based on five task variables: goal,
method, complexity, answer, and extension [40]. Problem solving tasks are characterised
by the openness in their solutions and extensions, which allows for the last stage in Polya’s
four-step model (i.e., check and expand). They are also characterised by a closed goal and
answer as students are given a specific problem to investigate which has only one answer.
However, problem solving tasks can differ in their openness based on their task
complexity.

Teachers need to be aware of the type of complexity possessed by the designed
problem. Problem solving tasks should not be closed in complexity. Caution should be
taken by teachers when providing scaffolding through the design of the problem or during
the problem solving process, especially if the complexity of the designed problem is
subject-dependent. The expertise reversal effect is the need to modify instructional
methods and levels of instructional guidance to changing levels of learner expertise during
a learning session [41].

Learners” Cognition and Affection

Teachers need to know their learners (both cognitive and affective) in their problem
design. Mathematical cognition refers to the processes by which individuals come to
understand mathematical ideas and individuals” cognitive abilities can be at different
levels [42]. Chamberlin defines learner’s affect as their beliefs, attitudes, and emotions
towards a subject [43]. In the context of mathematical problem solving, being aware of and
in control of one’s emotions can enhance the likelihood of them finding a solution [44]. In
other words, student’s attitudes and confidence towards problem solving is crucial to
solving the designed problem.

Teachers can use differentiated instruction to respond to the cognitive and affective
variance among students [45]. Tomlinson states that “In a differentiated classroom, the
teacher proactively plans and carries out varied approaches to content, process, and
product in anticipation of and response to student difference in readiness, interest, and
learning needs.” [46, p. 7]. Teachers can differentiate by providing different levels of
scaffolding based on the students’ readiness and learning needs, or even modify the
problem to cater to students’ cognitive and affective needs. Anthony and Hunter proposed
the following practices to empower students through cognitive and affective processes:

i) student should engage in rich mathematical discourse through group activities
ii) teacher should notice and value of their students” thinking and use of their thinking as

a resource for learning

iii) teachers should position their students as competent [47].

Lesson Enactment
Teachers’ lesson enactment is largely influenced by “students’ interests and experience,
instructional strategies, curriculum resources, teacher’s pedagogical beliefs, practice and
expertise, parental expectations, school organization, community and culture, high-stakes
examinations, curriculum policies, and so forth” [48, p. 270].
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A typical lesson often comprises of one or more cycles of instruction, which comprises
combinations of Development (D), Student Work (S) and Review (R), based on the lesson
objectives [49]. We propose that when teaching for problem solving, the lesson enactment
could typically follow the sequence of D-S-R. However, when teaching through problem
solving, the lesson enactment could follow the sequence of D-R-S. For both cases, teachers
need to ensure that there is sufficient lesson time for the cycle of instruction to be
completed such that the instructional objectives are achieved.

CONCLUSION

Mathematical problem solving resides at the heart of the mathematical curriculum in many
countries in the world. This paper hopes to contribute to the ongoing efforts to incorporate
mathematical problem solving into classrooms by addressing the difficulties teachers have
taced while doing so. In the discussion above, it is clear to the reader that the enactment of
problem solving is very much tied to the task design itself. However, readers should be
cautioned that the guiding principles we propose have not been tested in mathematics
classrooms. Hence, further research needs to be carried out in order to validate and
improve on the proposed principles.
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